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e¨<QnphgO`pLOQ`pLOnbQHQQH|OkQH^
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§
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e<w^bQnp¨:jr`bhekgAh^W`pLwj`¥Q)jrnpQRjkOQR`pe.dlLweDeD^aQ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OPT (f(I)) = 7 ·OPT (I)+6(|C|−OPT (I)) ≤ OPT (I)+18B ·OPT (I) = (18B+1)OPT (I)
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I
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c1
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OPT (f(I)) = 6r + OPT (I)
§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c′2 =
6r + c1
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OPT (f(I)) − OPT (I) = c1 − c′2 ≤ c1 − c2

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jrgw|
(h, Sh)
jrnpQ
L
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B ≥ 3 jrgw| lÄ5436Oõ yW÷L6_Þ &I1T§
B ≥ 5 jrnpQH+È¼ö­÷ ã Ý²¡dekPzOQ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`bLOQ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G = (V, E)
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<npjkzOL ªgw|_QHQH|§Oh`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V0 =
|X|
⋃
t∈X
t[0] ∪
|C|
⋃
i=1
{ai[2], ai[5]}, V1 =
|C|
⋃
i=1
{ai[1], ai[4], ai[7], ai[8], ai[9]},
jrg{|
V2 =
|X|
⋃
i=1
t[1] ∪
|C|
⋃
t∈X
{ai[3], ai[6]}.
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∑
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∑
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∑
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eD^s`oek£
S
¸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§
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LwQnpQ
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hi^¥`bLwQWzJQnld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dj<^aQj O(n1/3 log2 n) ²ªjrzOzOnpe:µ_hP)jr`bhekg«#Q|_Q²^pdnph{Qh´`£¤ekn¯`bLwQ¥nphgOw§:Of_`7Qµ_j<dG`p\W`bLwQM^pjrPQ¥jrnpkfOPQgD`l^zOnpe¨]h|OQjrgTjrkeknph`bLOP £¤ekn`pLOQz{j`bLKMLOQ
P)jkhg#h|OQHjh^W`pe.knpQQH|Oh\.¹wgw|#^afwOknljrzOL{^³h`bLèLOhkLè|_QHgw^ah`s\vfw^bhgOjkzOzOnpe:µ_hP)j`phe<gàjrke<nbh`bLwP^
£¤e<n`bLwQ  6OÄ:E/6
k
&G÷>05?®Æ¯»®¼õOßèzOnpekwQHP§{LOhidlLh^³|_Q¹wgwQH|vj<^M£¤eket^a`¦<h¨<Qgvj)<npjkzOL
G
jkgw|jrg
hgD`bQHkQn
k
§D¹wgw|jkg)hgw|OfwdQc|^afwOknljrzOL
H ⊆ G e<g k ¨kQHna`phdQH^oh`bL`bLOQ³LOh<LOQH^a`|_QHgw^bh´`s\)jrPe<gOjr^bfOO<npjkzOLw^ekg
k
¨<Qnb`bhidQH^H ªgP ëm#QO&`bLOQjrfO`bLOe<np^¥zOnpe¨]h|_QWjRz{e<\]gOe<PRhijr²2`bhPRQjrke<nbh`bLwPÊh`bL
jkzOzOnpe:µ_hP)j`phe<gnpjr`bhe
2n1/3
K¯e^bhPRzwh£¤\`bLOQMzOnpQH^bQgD`lj`bhekg§r^afOzwz{eD^aQ`bLwjr`
n = 2t
£¤e<n^bekPQ
t > 0
`
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2  ò h¤   A `
ZD`bQHz*l   ¬¢h¨]h|OQT`pLOQRnbQcì<fwQH^a`W^bQ`hgD`be
log n
dijk^p^bQH^H§®^bfwdlL`pLwj`hgàQcjkdlLàdj<^b^
Ci
`bLOQRQHgOr`pLàek£o`bLOQ
nbQcìDfOQH^a`p^¢hQH^¢hg`pLOQ*hgD`bQHnb¨jr
[2i, 2i+1)
§
i = 0, . . . , log n − 1 tëwekn³QHjkdlLdj<^b^ Ci §w`pLOQ*nphgwdjkgÇJQà|_h¨]h|OQH|çhg<`peæhgD`pQnp¨:jk^ek£WQgwr`bL
2i
^af{dlLé`pLwj``bLOQe<gO\énbQcìDfOQH^a`p^jknbQ.JQ`s¥QQHg
de<gw^aQcdf_`ph¨<Qhg<`pQnp¨jri^³ ªgv`bLwh^³¥j:\¥Q*ekO`pjrhg n
2i
^bfOOzOnpekOQP)^¢£¤ekn³QHjkdlLAdijk^p^`MQHj<dlLekgOQ
de<gw^ahi^a`p^hg¹wgw|_hgOjrgekzO`bhPjkw^bekf_`bhekgRhg)jOhzwjkna`ph´`pQ¥<npjkzOLRer£^ah©Q
2 ·2i 7Ve<nbQMzOnpQHdh^bQ\k§QHj<dlL^bfOOzOnpekwQHPdjkgJQ£¤eknpP*fOij`pQH|jk^a`
1¾ÅõH¼¯»kÞ¾iÞ6Aº»®¼¯½D½]¾¤¿éÀ»JÂÂÃ³¾ÅÄÆ
b_c d ¯k u Ohzwjrnb`bh`bQ<npjkzOL
R
§Ojkgw|.jT<nbe]e<PRhgOT£Éjkd`bekn
g

e ¯ d < m7jrnb`bh`bhekg}ek£`bLOQéQH|_<QH^ek£
R
hgD`be±^bfOO<npjkzOLw^
Rω
h`bLÁjr`àPe<^a`
g
Qc|_kQc^§
1 ≤ ω ≤ W eEf î kahpi î  VhgwhPh©Q ∑W
ω=1 |V (Rω)|

Z]ek¨kQjr{`bLOQc^aQH1¾ÅõH¼¯»kÞ¾iÞ6vº»®¼½]½]¾¤¿0ÀR»®Â¯Â¯Ã¢¾ÅÄÆà^bfOOzOnpekOQP)^hg{|_QzJQgw|OQgD`b\k§Ojkgw|e<f_`a²
zOf_``pLOQfOgOhekg.er£7jr^bekf_`bhekgw^H
ZD`bQHz    Ke#^ae<¨<QQHj<dlL 1¾ÅõH¼¯»kÞ¾iÞ6­º»®¼½]½]¾¤¿ ÀR»JÂÂ¯Ã¢¾ÅÄÆ­^afOwzOnbe<OQP hgéjvOhzwjrnb`bh`bQknljrzOL
R
§
zOnpe]dQQc|èknpQQH|Oh\Ç¶ÉfOgD`bh¥jk¥QH|OkQH^TjrnpQde¨<QnpQH|w¸]\A¹wgw|_hgO#j`T^a`bQHz
i
jv^afwOknljrzOL
Ri
ek£
G \ (R1 ∪ · · · ∪ Ri−1)
h´`pL.jr`PReD^s`
g
Qc|_kQc^hg`bLOQ£¤e<ehgO¥j:\g`
ëOe<nQcjkdlL
k = 2, . . . , 2g
¹wgw|j*^bfOO<npjkzOL
Bk
er£
R \ (R1 ∪ · · · ∪Ri−1)
fw^ahgO*`bLOQWjrkeknph`bLOP
er£  ëm#QwS£¤e<nM`bLOQ  6OÄ:E/6
k
&G÷>05?®Æ¯»®¼õOßàzOnbe<OQP.
•  ¡££¤ekn³^ae<PRQ k∗ § |E(Bk∗)| > g §Ojkgw| |E(Bi)| ≤ g £¤ekn¢jk i < k∗ §wnbQHPRe¨<Q |E(B∗k)| − gjknbwh´`pnpjknb\QH|_<QH^³er£
Bk∗
jkgw|vnpQzOijkdQ
B∗k
h`bLA`bLwh^WgOQH knljrzOLZD`pekzà`bLOQ)^bQHjrnldlLvj`
k∗
§wjkgw|ekf_`pzOf_``bLwQ|_Qgw^bQH^a`tknljrzwLjrPe<gO
B2, . . . , Bk∗−1, Bk∗

•  ¡£gOek`H§Oe<f_`bzOfO``bLOQ|_QHgw^bQH^a`^bfOO<npjkzOLjkPekgO B2, . . . , B2g 
ËQ`
OPT
JQ`pLOQRekz_`phP)jr^ae<fO`bhekgvek£WÜ¾ÅÄÆ±º»®¼½]½D¾¤¿­ÀR»®ÂÂÃ³¾ÅÄÆ7§®jrg{|Q`
OPT1
{QT`bLOQ
de<^a`er£`bLOQ^bekf_`phe<ge<_`pjkhgwQH|]\^bek¨DhgOvÐv®ÎRRjk`pLOQ^bfOOzOnpekOQP)^<QgOQHnpjr`bQc|]\ZD`pQz l
ek£u¢<eknph´`pLOP A o«#QzOnpe¨kQWjQPP)jR{Q£¤eknpQ^s`lj`bhgOR`bLwQ`bLOQHeknpQP.
î  È lÍÎ
β
}lÍ] t:Í  Q 
}lÍÑ {  QUOÐÓÍ*ÎWT4ÎMÏ¦Í]P
s&um } 4rÑGÎÅÎªÍF rÑvv4T R ÐrÎ&)Ð:ÓGÎ
n
t:ÍÑGÎplÍÓlÔ&TÓrQ.}X kÑv.TÏ,ÅÎT Î&)Ð:ÓGÎ
g
ÍP DÍGÓÏ T!pPTT.:ÓkÍOÓrÅÎ urÎ&RÍP:ÓGÎ
1/β
Î)ÍGÓWÎTwÍ
<Í_wÓrÅÎ .ÐÎWTOÍ<Í_wÓÍGÓGÎ¥ÓrQ.} kÑP4TàÏ,ÅÎTmrÎNÐÓlÎ
g
ÍP DÍGÓ { gTOÍ*AÎWTOÍ kÑbÍlÍP \JÑbÐUlÍvQ_ÑbÍ)Ð {ÎªÍX
 ÐZ	9R  DÐÑrÅÎWT! A Ï¦Í*Ð}ÎX RÓÐRSQ_ÎÉÐàÐlÐ:ÓGÎ OPT2 ÓrQ.PTÎT.Î OPT2 ≤ O(log n) · β ·OPT1 {
  òò  ËQ`
m
JQ¢`pLOQ³g]fOPT{QHnek£QH|_<QH^er£`pLOQ³npQHìDfOQc^s`knljrzOL
R
§_jrgw|)Q`
R1, R2, . . . , Rr
{Q³`bLOQ
^bfOO<npjkzOLw^³kQHgOQnlj`pQH|hgAe<np|OQnWD\.`pLOQ)jrJe¨kQRjrkeknph`bLOP LOhidlLAde¨kQHnWjk`bLwQRQc|_kQc^§®h2 Q<
R1
h^
!B 8 !E'
 ÑJÍÓlÓ
	®ÑbÐÎÉÐèÐOÑ¥ÑpÐHÐ! <
dlLwe<^bQg¹{np^a`H§
R2
hi^dlLOe<^bQg.^aQcde<gw|§Ojrg{|^beekg7«#QhzOnpe¨kQ
∑
|V (Ri)| ≤ log(m) · β · OPT1
K¯ezOnpe¨kQW`bLwh^H§{¥Q¹wnl^s`³Qg]fOPQnlj`pQ`bLOQTQH|_<QH^ek£
R
hgàeknl|_Qnek£7jkzOzJQHjrnljrg{dQhg
Ri
 ^a`¥jk`bLOQ
Qc|_kQc^¢hg
R1
h{QRQg]fOPQnlj`pQH|
e1, . . . , eg1
¶
g1 = |E(R1)| ≤ g
¸§®jk`pLOQTQc|_kQc^¢hg
R2
h{Q
QHg]fOPQnlj`bQc|
eg1+1, . . . , eg1+g2
¶
g2 = |E(R2)| ≤ g
¸G§jkgw|#^aeekgRËQ`
ρi
JQT`pLOQ)|_Qg{^ah`s\ver£`bLOQ
^bfOO<npjkzOL
Ri
§wh2 Q<
ρi =
|E(Ri)|
|V (Ri)|
§Jjrgw|
Σ =
∑
|V (Ri)|
`bLOQ`per`ljr¯de<^a`ter£`bLOQT^ae<f_`phe<gëwekntQH¨kQHnb\
Qc|_kQ
ej ∈ Ri
§<¥Q³|OQ¹wgOQ
c(ej) =
1
ρi
«AQdijrhPÁ`pLwj` ∑
j c(ej) = Σ
7Ke*zOnbe¨<QM`bLOhi^QHìDfwjrh`s\¢qsfw^a`
gwer`bQ*`bLwjr` ∑
ej∈E(Ri)
c(ej) =
|E(Ri)|
ρi
= |V (Ri)|
§jrgw|^be ∑
j c(ej) =
∑
i |V (Ri)| = Σ
WËQ`Wfw^
|OQ¹wgOQ
R′i
`beJQ`bLOQfOgOhekg.ek£
Ri, Ri+1, . . . , Rr
7«#Q|_Q¹{gOQ
ρ′i
`peRJQ`bLwQ|OQgw^bh´`s\er£`bLOQ|_QHgw^aQc^s`
^bfOO<npjkzOLvek£
R′i
dekgD`pjkhgOhgOj`Pe<^a`
g
QH|OkQH^HËQ`fw^³`pjr<QTjkgàekzO`bhPjko^ae<fO`bhekg£¤e<n
R′i
§h· Qk*j
|OQHde<Pz{eD^ah`bhekg#er£
R′i
hgD`be^bfOOknljrzwLw^
A1, . . . , As
^afwdlL#`pLwj` ∑s
k=1 |V (Ak)|
hi^PhgOhP*fwPËQ`
ρ1, . . . , ρs
{QW`bLwQ|_Qgw^bh`s\er£¯`bLOQc^aQ^bfOO<npjkzOLw^H¯«#QLwj:¨<Q`
• ∀k ≤ s, ρk = dens(Ak) ≤ ρ′i
`{Qcdjkfw^aQ¢QHjkdlL
Ak
h^¥j^bfOO<npjkzOLer£
R′i
de<gD`pjrhgOhgOj`PReD^s`
g
QH|OkQH^H§_jrgw|
ρ′i
h^`bLOQ|_QHgw^ah`s\ek£`pLOQ|_Qg{^aQc^s`¢^bfOO<npjkzOLh`bLj`tPeD^s`
g
QH|OkQH^Mhg
R′i

• ρ′i ≤ βρi
`oJQHdHjrfw^bQQ^bfOzOzJe<^bQW`bLwjr`¢¥Qdjrg¹wgw|jkgjrzOzOnpe:µ_hP)jr`bhekgek£
ρ′i
fOz.`pejR£Éjkd`bekn
1/β

KMLwh^MhPzOhQH^thg.zwjkna`phdfOjkn¥`bLwjr`
1
ρk
≥ 1
βρi
,
jkgw|^be
∑
k
|V (Ak)| =
∑
k
|E(Ak)|
ρk
≥
∑
k
|E(Ak)|
βρi
=
|E(R′i)|
βρi
ä¥f_`¥jrg)ekzO`bhPjkw^bekf_`bhekg£¤e<n
R
zwnbe¨]hi|_QH^oj^bekf_`phe<gT£¤e<n
R′i
ek£de<^a`¦j`¦QHj<^s`7`pLOQ¢e<z_`bhP)jrJ^ae<f_`phe<g
£¤e<n
R′i
§h2 Q< ∑
k |V (Ak)| ≤ OPT1

J¢^bhgw`pLOh^hgA`bLOQ)jk{e¨<QThgOQHìDfwjkh`s\¥QR<Q` 1
ρi
≤ β·OPT1|E(R′i)|
§
jkgw|^aeR£¤ekntjkgQc|_kQ
ej ∈ Ri
¥QWL{j:¨kQ
c(ej) =
1
ρi
≤ β · OPT1|E(R′i)|
≤ β · OPT1
m − j + 1 ,
jrgw|`bLwh^MzOnpe¨kQc^
Σ =
∑
j
c(ej) ≤ β · (
∑
j
1
m − j + 1) · OPT1 ≤ β · log(m) · OPT1 ≤ 2β · log(n) · OPT1

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  u¢<eknph´`pLOP A npQ`bfwnbgw^Wj¨jrhi|v^ae<fO`bhekgvek£Ü¾ÅÄÆ º»®¼½]½]¾¤¿­ÀR»®Â¯Â¯Ã¢¾ÅÄÆo§®{Qcdjkfw^aQTQHj<dlLnpQHìDfOQc^s`Mhi^dekgD`ljrhgOQH|hg.^bekPQOhz{jrnb`bh`bQknljrzOL§]jkgw|gOenbQcì<fwQH^a`Mhi^de<fOgD`bQc|`shidQ<KMLwQWnpfOgOgwhgO
`phPQh^*z{e<\]gOe<PRhijrhg0{ek`bL
n
jkgw|
g
§JQHdjkfw^bQ¥QnbfwgÈj`TPeD^s`
2g − 1 `phPQc^`pLOQjk<eknph´`pLOPek£	 ëm#QwS¯£¤e<ntQHj<dlLv^afwOzOnpekOQP.§{jkgw|`bLwQnpQ*jrnpQ
n(
∑t−1
i=0
1
2i ) − 1 = 2n − 3
^afOwzOnbe<OQP)^M«#Q
zwnbe¨<Q³gOe±`bLOQjkzOzOnpe:µ_hP)j`phe<gkf{jrnljrgD`bQHQ`
• «AQdjkhP `bLwjr` OPT1 ≤ 2 logn ·OPT  ªgw|_QHQH|§wQ` ci JQ`bLOQe<z_`bhP)jrdeD^s`Mer£`bLwQ^bfOw^bQ`er£npQHìDfOQH^a`p^oer£®QHgOr`pL)hg`pLOQthg<`pQnp¨jr
[2i, 2i+1)
§
i = 0, . . . , log(n)−1  ¡`h^dQHjrno`bLwjr` ci ≤
OPT
£¤ekn¢QcjkdlL
i
§Jjkgw|`bL]fw^ ∑log n−1
i=0 ci ≤ log n · OPT
tëhgwjr\k§
OPT1 ≤ 2
∑log n−1
i=0 ci
§
{Qcdjkfw^aQQcjkdlL¨kQnb`bQµhi^¥`pjr<QghgD`pej<ddekfOgD`hg`s¥e)^afOwzOnbe<OQP)^
• KMLOQknpQQc|_\ÈzOnpe_dQc|_fOnpQ.|OQH^pdnphJQH|Çhg"Z]`bQz  ek£u¢<eknph´`pLOP A ekfO`bzOf_`l^jèknljrzwLéLOeD^aQ|_Qg{^ah`s\h^jr`QHj<^s` 1
2n1/3
`phPQH^¯`pLOQMLOh<LOQH^a`7|_Qgw^bh`s\¶¤h`bLj`PReD^s`
g
QH|_<QH^l¸ek£O`bLwQfOz®|Ojr`bQH|
nbQcìDfOQH^a`³<npjkzOLKe.^aQHQ`pLwj`c§gOer`pQ`bL{j`W`bLOQRekz_`phP)jk|OQgw^bh´`s\.hi^jkdlLOhQ¨<QH|.]\vj^bfOO<npjkzOL
ekg.j`Pe<^a`
2g
¨kQnb`bhidQc^¶¤h`te<fO|{Q`pLOQdj<^aQWer£
g
|_h^ÉqsekhgD`QH|_<QH^l¸G7KMLOQg§]£¤eknQHj<dlL¨jrfOQ
er£
k
§w`bLOQRjrkeknph`bLOP ek£	 ëm#Qw&¹{gw|O^¢j
2n1/3
²¡jkzOzOnpe:µ]hP)j`phe<ger£`pLOQ*P)jµ_hP*fOPêg]fOP*JQn
er£Qc|_kQc^oek£jrghgw|_fwdQH|^afOwknljrzOL)e<g
k
¨kQHna`phdQH^ 7KML]fw^§Dh£Q¢`pjkkQ`pLOQW|OQgw^bQH^a`¥^bfOO<npjkzOL
jrPekgw
B2, . . . , B2g
¶¤npQPe¨]hgOtQH|OkQH^¯h£wgOQHdQH^p^bjknb\O¸®¥Qjk^bete<_`pjkhg*j
2n1/3
²ªjrzOzOnpe:µ_hP)jr`bhekg
er£`pLOQ¢LOhkLwQH^a`|_Qg{^ah`s\Tek£j^bfOOknljrzwLRh`bLj`¦Pe<^a`
g
QH|_<QH^HËQ`
ρk
JQ`bLwQ³|_QHgw^ah`s\er£
Bk{Q£¤eknpQ*npQPe¨]hgwQH|_<QH^H³KMLOQRQµ_zOhidh`¢£¤eknpP*fwj)ek£o`bLwQ*LOhkLOQc^s`|_QHgw^ah`s\
ρ
`pLwj`Q*ekf_`pzOf_`
hgvZD`pQz  ek£utke<nbh`bLwP A h^a`
ρ := max
k∈{2,...,2g}
min
(
ρk,
g
k
)
Ëe]ek]hgOj``pLOQ£¤eknpP*fOijQfOg{|_Qnl^s`ljrgw|AL]\à¥Q)^s`pekzæj`
k = k∗
hg#`bLOQjk<eknph´`pLOP.) ªg
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